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Abstract 

The following problem is considered: if H is a semiregular abelian sub- 
group of a transitive permutation group G acting on a finite set X, find 
conditions for (non)existence of G-invariant partitions of X and give their 
description in terms of orbits of H. Conditions and descriptions presented 
in this paper are derived by studying spectral properties of the associated 
G-invariant digraphs arising as regular abelian covers. As an essential tool, 
irreducible complex characters defined on H, are used. 

Questions of this kind arise naturally when classifying combinatorial ob- 
jects which enjoy a certain degree of symmetry. The techniques of this paper 
allow one to consider such problems without referring to, as it often is the case, 
the classification of finite simple groups. As an illustration, a new and short 
proof of an old result of Prucht, Graver and Watkins (Proc. Camb. Phil. Soc, 
70 (1971), 211-218) classifying edge-transitive generalized Petersen graphs, is 
given. 

1 Introductory and historic remarks 

When investigating the structure of graphs admitting transitive actions (or pos- 
sibly intransitive actions with a small number of orbits) of subgroups of automor- 
phisms one often relies on results which are purely group-theoretic in nature. On 
the other hand, graph-theoretic language can often provide useful insights in the 
study of various problems in permutation groups. 

A particular case of such an interplay of group-theoretic and graph-theoretic 
concepts is dealt with in this paper, and is motivated by the following situation. 
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Given a bicirculant, that is, a graph admitting a cyclic subgroup with two orbits 
of equal size, there are two essentially different possibilities forcing such a graph to 
be vertex-transitive. Either there exists an automorphism swapping setwise the two 
orbits, called hereafter a swap, or there exists an automorphism mixing the vertices 
of the two orbits, called hereafter a mixer. For example, the class of generalized 
Petersen graphs GP(n, s) contains examples of each of the four possibilities that may 
occur with this respect: first, GP(7, 2) is not vertex-transitive and hence without 
swaps and mixers, second, the prism GP(3, 1) has swaps, but no mixers, third, the 
dodecahedron GP(10, 2) has mixers, but no swaps, and finally, the cube GP(4, 1) 
has both swaps and mixers. It seems therefore natural to seek for (non) existence 
conditions for these two kinds of automorphisms in bicirculants. 

When attempting to answer questions of this nature, it is often useful to choose 
a more general framework. We do this here by considering arbitrary transitive 
permutation groups (not necessarily automorphism groups of graphs) containing 
semiregular abelian subgroups (not necessarily cyclic subgroups with two orbits of 
equal size). Recall that a nontrivial permutation, and more generally a nontrivial 
permutation group, is semiregular if all of its orbits have equal size. We note that 
asking of a transitive permutation group to contain a semiregular abelian subgroup 
is not that restrictive at all. It is believed that the automorphism group of every 
vertex-transitive digraph contains a semiregular element (see [34, Problem 2.4]) 
and, more generally, that every 2-closed transitive permutation group contains a 
semiregular element (3j [M] . Substantial evidence supporting these claims has been 
gathered thus far. For example, it is known that all 2-closed quasiprimitive groups 
[16] and all 2-closed transitive groups of square-free degree [8] have this property. 
(See also [U [37] for further results on this problem.) 

Of course, the existence of a mixer in a bicirculant means that the two orbits of 
the semiregular cyclic subgroup do not form an imprimitivity block system of the 
full automorphism group. On the other hand, the existence of a swap in a bicirculant 
is equivalent to there being a transitive subgroup of automorphisms with the two 
orbits of the cyclic group in question as blocks of imprimitivity. Therefore, within a 
more general setting, the aim of this paper, essentially, is to discuss certain questions 
related to the following general problem. 

Problem 1.1 Let H be a semiregular abelian subgroup of a transitive permutation 
group G acting on a finite set X . Find conditions for (non) existence of G -invariant 
partitions and give their description in terms of orbits of H . 

Note that G-invariant partitions include imprimitivity block systems as well as 
the two trivial block systems of G. In the case when only the latter exist, that is 
when the group G is primitive, it is natural to ask whether G is simply or doubly 
transitive. (We remark that the concept of (im)primitivity has proven crucial in 
the investigation of symmetry properties of various combinatorial structures, see for 
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example [SI EJ [7J HUJ H31 HSl US, HZ]-) Thus, if G is primitive and H is regular, the 
above problem is related to an old question of Burnside regarding 5-groups. (A 
group H is called a B-group if a primitive permutation group containing if as a 
regular subgroup is necessarily doubly transitive.) As a generalization let us call 
H an m-B-group if a primitive permutation group containing H as a semiregular 
subgroup with m orbits is necessarily doubly transitive. We may then pose the 
following problem. 

Problem 1.2 Given a positive integer m, determine the class of (abelian) m-B- 
group s. 

Of course, a 1-B-group is just a B-group. It is known that, by the classical results 
of Schur and Wielandt [49, Theorem 25.3 and 25.6], cyclic groups of composite order 
and dihedral groups are -B-groups. Also, Li has recently classified all abelian B- 
groups [28J. As for 2-B-groups, for example, cyclic groups of prime order p are of 
this kind. Namely, in view of the classification of finite simple groups a primitive 
group of degree 2p, p > 5 a prime, is doubly transitive. Studying existence of mixers 
for bicirculants is essentially the first step in determining which cyclic groups are 
2-B-groups and which are not. On the other hand, knowing which cyclic groups are 
2-B-groups is of vital importance in the study of arc-transitive bicirculants. We will 
deal with this question in a sequel to this paper. 

To state our main theorem we first breifly introduce some notation and terminol- 
ogy. First, with a transitive action of a group G on X (having a semiregular abelian 
subgroup H with m orbits X 1; . . . ,X m ) we associate a G -vertex-transitive digraph 
with vertex set X, that is, a digraph admitting G as subgroup of automorphisms, 
in short, a G -invariant digraph. Further, a certain matrix S, called the symbol of 
T relative to H, is associated with a G-invariant digraph T (see the paragraphs fol- 
lowing the statement of Theorem II .3[ and Subsection 3.2 for more details). Let A 
be an eigenvalue of T and let H* denote the dual group of H, that is, the group of 
all irreducible complex characters. Then we denote the set of all characters from 
H*, for which A is an eigenvalue of x(S), by i^s,A (see the paragraphs following the 
statement of Theorem 1 1 . 3 1 and Subsection 3.3). Next, let W\ denote the A-eigenspace 
of T. It is well known that G acts on W\. Let K,\ denote the kernel of this action. 
The partition of X consisting of the orbits of JC\ is denoted by £>s,a- This partition 
induces a certain partition Aa of the index-set {1, . . . , m}. (See the paragraphs fol- 
lowing the statement of Theorem 11.31 and Section H] for a more detailed description 
of the above concepts.) 

The main result of this paper, Theorem 11.31 below, concerns two extremal cases 
related to Ks,\- The first one deals with the situation when Ks,\ generates the 
whole of H*, while the second one covers the case when Ks,x — {Xo} consists of the 
principal character only. 
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Theorem 1.3 Let G be a transitive permutation group on a finite set X containing 
an abelian semiregular subgroup H . Further, let Y be a G-invariant digraph with 
symbol S and with an eigenvalue A. 

(i) If Ks,\ generates H* and JC\ is not trivial, then the corresponding imprim- 
itivity block systemBs,\ consists of blocks which intersect each orbit of H in 
at most one element. If in addition A\ is universal, then each block of Bs,\ 
intersects each orbit of H in exactly one element. (In particular, the latter 
holds whenever H has prime number of orbits.) 

(ii) If X is not the valency ofT , and K$ t \ = {xo}> then the corresposnding imprim- 
itivity block system Bs,\ consists of orbits of an intransitive normal subgroup 
of G containing H. If in addition A\ is trivial, then the orbits of H form an 
imprimitivity block system of G. (In particular, the latter holds whenever H 
has prime number of orbits.) 

Theorem 11.31 is proved in Section [5j after introducing the required machinery in 
Sections [2] -|H We briefly review the contents of each individual section. 

First, coming back to Problem we remark that in the special case when 
H is regular, a G-invariant partition can be obtained as the orbit-partition of a 
subgroup of H (see for example [28], Lemma 3.1]). In Section [2] we give an analogous 
description in the case when H is semiregular and abelian. Letting Xi, . . . , X m 
denote the orbits of H we show that a G-invariant partition B of X can be obtained 
by 'glueing together' (that is, taking the union of) certain orbits of some subgroup 
K of H (see Lemma [2. 3D . The way these orbits are glued together depends on an 
m-tuple x G X\ x • • • x X rn and on a certain partition A of the set {1, . . . , m} (see 
the first paragraph of Section [2] for exact formulation). We call the ordered triple 
(x, A, K) a G-triple corresponding to B. In particular, to say that (x, Aj, H) is 
a G-triple, where Aj is the trivial partition of {1, . . . , m} consisting of 1-element 
subsets, means that the orbits of H are blocks of imprimitivity for the group G. 

In Section [31 complex characters of abelian groups together with some additional 
linear algebra tools are introduced, to be used in Section|3]in the study of G-invariant 
partitions. To this end we use the following strategy. We consider linear actions of G 
on the eigenspaces of G-invariant digraphs. As already mentioned above, given such 
a digraph T, the orbits (on X) of the kernel of such an action give rise to a G-invariant 
partition, denoted hereafter by Bs,\, where A is an eigenvalue of T corresponding to 
a given eigenspace, and S is the so called symbol of T relative to H, an encoding 
of the adjacencies of T through a certain m x m 'matrix' whose entries are subsets 
of H. In turn, this allows us to describe G-triples (x, A, K) corresponding to the 
G-invariant partition B§ \. In particular, one can find the group K from the spectral 
description of V (see Lemma l4.2p . As for A, however, the spectral description of 
T allows us only to specify an auxiliary partition of {1, . . . ,m} whose refinement 
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is the partition A (see Lemma 14.31) . As an illustration of these concepts we end 
Section H] with a thorough description of all imprimitivity block systems of the cube. 
Let us remark that in the case when H is regular, the eigenspaces in question have 
a well-known interpretation as certain subspaces of the group algebra CH*, where 
H* denotes the group of complex characters of H . In fact, they are subspaces of the 
Schur algebra over H*, which is dual to the transitivity module of G over H. Schur 
rings have become a powerful tool in algebraic combinatorics [llj. For example, 
they played a central role in solving the isomorphism problem for circulant graphs 
[381 1391 |4"T] . motivated by the classical Adam's conjecture pQ, as well as in some 
other combinatorial problems, see for example |26j . 

In Section [5] we describe imprimitivity block systems in two extremal cases that 
can arise in the context of Problem 11.11 that is, we prove Theorem 11.31 as already 
mentioned above. Morover, as a consequence of Theorem 11.31 we prove that if G 
is primitive, then Ks,\ must generate the whole dual group H* whenever A is not 
the valency of T, see Theorem 15.11 Also, we obtain a result about non-principal 
characters of H when H has a prime number of orbits (Corollary 15. 3j) as well as a 
refinement in the case when H has two orbits (Theorem 15.4ft . 

Finally, in Section El as an application of the theory developed here (notably, 
Lemma 14.31 and Corollary 15. 3p we give an alternative proof of an old result classify- 
ing edge-transitive generalized Petersen graphs [15] (see Theorem 16. ip . In general, 
theorems of this nature are usually proved either by an elementary, although tech- 
nically rather involved, combinatorial approach [15], EO, E21 G2U H2] , or else by using 
a normal subgroup reduction approach, often involving the classification of finite 
simple groups as an essential ingredient, see for example [91 [101 D2J EES HU H3 [271 
[28[ [29[ |30[ |35[ EH] . Our proof of Theorem 16.11 uses the second approach. However, 
being based on the techniques of this paper, it does not rely on the classification of 
finite simple groups. 

2 Describing G-invariant partitions via G-triples 

We start by introducing a class of partitions of a given finite set X arising from 
a semiregular action of a permutation group H on X. Letting Xi, . . . ,X m denote 
the orbits of H, choose an element x — (xi, . . . , x m ) G X\ X • • • X X m , a partition 
Aof{l,...,m}, and a subgroup K of H. We define a partition depending on x, A 
and K as follows. For each % G {1, . . . , m} the i^-orbits contained in Xi are of the 
form x\ K for some h G H . Moreover, since H is semiregular we have \x± \ = \K\, 
and x\ K — x% K if and only if hK = h'K. The ordered triple (x, A, K) gives rise to 
the partition 
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of X. We will refer to x as its base vector. The example below illustrates this 
definition. 

Example 2.1 Let X = {1, . . . , 12} and H = (h) where h = (1 2 3 4) (5 6 78)(9 10 11 12). 
The orbits of H are X 1 = {1,2,3,4}, X 2 = {5,6,7,8} and X 3 = {9,10,11,12}. 
Choose A = { {1,2}, {3} } and K = (h 2 ). Then there are two different partitions 
of X of the form 1%, A, K), x E X 1 x X 2 x X 3 : 



base vector x 


elements of H(x, A, K) 


(1,5,9) 


{1,3,5,7}, {2,4,6,8}, {9,11}, {10,12} 


(1,6,9) 


{1,3,6,8}, {2,4,5,7}, {9,11}, {10,12} 



Observe that U(x, A, K) = U(x[, A', K') implies A = A' and also K = K' . 
However, it is possible that x ^ x[_. We use Ha,k to denote the set of all partitions 
II of X such that II = II (a/, A, K) for some x[_ E X 1 x • • • x X m . Regarding all base 
vectors of a fixed partition from Ha,^ we have the following simple property. 

Lemma 2.2 Let H be a semiregular permutation group on a finite set X with or- 
bits Xi, i E {l,...,m}. With notation above, let II E Ha,k be a partition of X . 
Then, given any point x E X, there exists a vector x = (xi, . . . ,x m ) such that 
x E {xi, . . . , x m } and LT = U(x, A, K) . 

Proof. Let y = (yi, . . . , y m ) be a base vector of IT = H(y, A, K). Further, let j be 
the unique index such that x E Xj, and let T E A such that j E T. Now x = y 1 ^ for 
some h E H. Define the m-tuple x — (x±, . . . , x m ) by Xi = y\ if i E T, and X; t = yi 
otherwise. It is easy to check that II(a;, A, K) — II. ■ 

We denote by Aj the trivial partition {{1}, . . . , {m}} of {1, . . . , m} correspond- 
ing to the identity relation on the set {1, . . . ,m}. Similarly, we let A^ denote the 
partition {{1, . . . , m}} of {1, ... , m} corresponding to the universal relation on the 
set {1, . . . , m). Obviously, II(x, A/, K) does not depend on its base vector x since 
it is equal to the partition induced by the set of all i^-orbits in X. A partition of 
{1, . . . , m} is uniform if it consists of subsets of equal cardinality. 

Let us now assume that a semiregular permutation group H on X is abelian 
and contained in a transitive permutation group G. In the next lemma we show 
that every G-invariant partition of X must then be of the form II (x, A, K) for some 
uniform partition A of {1, . . . , m} and some subgroup K of H . 

Lemma 2.3 Let G be a transitive permutation group on a finite set X, and let H 
be a semiregular abelian subgroup of G with orbits X i} i E {l,...,m}. Let B be 
a G-invariant partition of X, let JC be the kernel of the action of G on B, and let 
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x G X. Then there exist some x = (xi, . . . , x m ) G X\ x • • • x X m and a uniform 
partition A of {1, ... ,m} such that 

B = U(x,A,Hr\K). 

Moreover, x can be chosen in such a way that x G {x\, . . . , x m }. 

Proof. Let B 1 ,B 2 G B and let i G {l,...,m} be such that Bi n I, / and 
B 2 fl Xi 0. We first show that if B 1 fl X, 7^ for some j G {1, . . . , m} then also 
B 2 fl Xj 7^ 0. Indeed, let X\ G -Bi fl Xj and x 2 G B 2 n X,. Since Xj is an orbit of 
H, there is h G if such that £2 = ■ As B is a G-invariant partition of X we have 
Bj 1 = B 2 . But Xj is also an orbit for H; hence B 1 n Xj 7^ implies ^ n Xj 1 7^ 0, 
that is, 5 2 n Xj ^ 0. 

Define a relation ~ on the set {1, ... ,771} by letting i ~ j if and only if there 
exists some B E B such that .£> fXj 7^ and -BnXj 7^ 0. Clearly, ~ is a reflexive and 
symmetric relation. Moreover, by the arguments given in the previous paragraph, 
~ is also a transitive relation, and hence an equivalence relation. Let A denote the 
partition of {1, ... , m} induced by the equivalence classes of ~. For T G A, set 

B T = { B G B I B n Xi ^ for all % G T }. 

Fix T G A and fix a block Bt G Bt- Furthermore, for every i G T choose Xi G 
Bt H Xj and define Xj to be the setwise stabilizer of the set Bt D Xj in if. Clearly, 
since 5^ is a block and since Xj is an if -orbit, we have Xj = Xj for i, j G T. We 
may therefore define Kt = Ki for i G T. In fact, Kt — H D Stab# T . Moreover, 
5 T = Uj gT a;f T . 

Now let -B' be an arbitrary block in St and let % G T. Since Xj is an Xorbit, 
there exists h E H such that £?' = B^. Therefore, since if is abelian, 

B'=[jx^. 

■ier 

We show that K T — H fl )C, thus making X T independent of the particular choice of 
T G A. Let h G H n /C. Then G B T n Xj for every z G T, implying if n K C X T . 
Furthermore, the action of HK/K, on is transitive. Since H1C/K, = H/(H fl AT), 
we have that the group HJC/JC is abelian and hence regular on £>j\ It follows that 
\HC\K\ = \H\/\B T \ = |X T |, and so X T = # n /C for every T G A. 

Since T was arbitrary, we conclude that B = II((xi, . . . , x m ), A, H fl /C), as 
required. Further, |T| = \Bt\/\H fl /C| for each T G A, and so A is a uniform 
partition. Finally, the last assertion of Lemma 12751 follows directly form Lemma [2721 
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We conclude this section with the following definition. Let B be an arbitrary 
G-invariant partition of X. If B = Tl(x, A, K) for some x G X\ x • • • x X m , some 
uniform partition A of {1, ... , m}, and a subgroup K of if, then the triple (x, A, K) 
will be called a G-triple corresponding to B. 



3 G-invariant digraphs and their eigenspaces 

Let G be a transitive permutation group on a finite set X. An orbit of G 
acting on X x X is called an orbital of G. To any collection of orbitals of G we 
can associate a vertex-transitive digraph admitting a transitive action of G, whose 
vertex set is X and whose edge set is induced by this collection of orbitals. Note 
that any digraph admitting a transitive action of G on its vertex set is necessarily 
of this form. As mentioned in the Introduction, we will refer to such digraphs as 
to G-invariant digraphs over X. In this section we describe, following a number of 
steps, the eigenspaces of G-invariant digraphs in the case when G has an abelian 
semiregular subgroup. 

3.1 Block matrices and tensor products 

In this subsection we determine the eigenvalues and eigenvectors of certain block 
matrices. To begin with, let us recall the definition of the tensor product. For 
column vectors u = (ux, . . . , u m ) T G C m and v = (v%, . . . , v n ) T G C n , their tensor 
product is defined to be the mra-dimensional vector 

u ® v = («!«!, . . . , u x v n , . . . , u m v x , . . . , u m v n ) T . 

Let U < C m and W < C n be subspaces, with their respective bases Ui,...,Ufc 
and wi, . . . , w/. Then the tensor product U <S> W of U and W is the ^/-dimensional 
subspace of C mn , spanned by vectors Uj ® w^-, i G {1, . . . , k}, j G {1, . . . , I}. 

In what follows we present some technical assumptions needed in Lemma 13.11 
below. Let m and n be positive integers and let 



B 



( Bn ■ ■ ■ B lm \ 



yi^mi ■ ■ ■ B mm J 



be an mn x run block-matrix over C where all blocks B^ are of size n x n. Note 
that B can be written as 

m 

B = Eij ® Bij, 

where (1 < i,j < m) is the m x m matrix with the (i,j)-th entry equal to 
1 and all other entries equal to 0. Suppose now that all the blocks B^ have a 
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common orthogonal eigenvector basis consisting of (unit) column vectors Vi, . . . , v n . 
For integers i,j G {1, . . . , m} and k G {1, . . . , n}, let fi^ denote the eigenvalue of 
Bij corresponding to v fc , and let 

m 

be the m x m matrix whose (i, j)-th entry is equal to fj,\j\ For an eigenvalue A 
of M^ k \ let V\,k denote the eigenspace of corresponding to A. We denote the 
m x m identity matrix by I m , and by 

K B ,\ = {k | 1 < k < n, det( M (fc) - A/ m ) = 0} 

the set of all indices k such that A is an eigenvalue of M^ k \ 

Lemma 3.1 With assumptions and notation above the following holds. 

(i) The spectrum Spec(-B) is equal to the union of spectra U^ =1 Spec(M^ fe ^). 
(ii) The \-eigenspace of B is equal to the direct sum ® feeA - B <E> (v^). 

Proof. With respect to the common eigenbasis v 1; . . . , v n , the matrix B^ takes 

the diagonal form = diag(/4*\ • • • , that i s ? -^u = PB>ijP~ l where P = 

[vi,...,v n ] is the n x n matrix with the above eigenvectors as columns. Con- 
sequently, B = (I m <S> P)(52i l j=iEij <S> Dij)(I m <S> P)^ 1 - Observe that there is a 
permutation matrix which establishes a similarity relation between YlTj=i E n ® ^ij 
and the block-diagonal matrix 

n 

k=i 

It is now obvious that the spectrum of B is equal to union of spectra of all matrices 
proving (i). 

In order to show (ii), let A be an eigenvalue of B, and note that the A-eigenspace 
of Ylk=i P'kk'^M^ is equal to the direct sum ®keK B A ( e fc) ® V\,k, where {ei, . . . , e n } 
is the standard basis of C n . Since there is an automorphism of C mn mapping the 
eigenspaces of Y2=i E kk ® M {k) bijectively onto the eigenspaces of B, the dimension 
of the A-eigenspace of B is equal to 

^2 dimVx >jk . 
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To complete the proof we need to find an appropriate basis of this subspace. Let 
u G V\,k- Then u <8> v k is a A-eigenvector of B. Indeed, B(u <g> v k ) = J2Tj=i(Eij ® 

s y )(u®v fc ) = £5 =1 (£ y u® %v fe ) = E™=i(^ u ®4 fc)v ^) = (E™=i/4X>® 

v fc = M^u ® v fe = A(u ® Vfc). In each eigenspace V^fc choose an orthogonal 
basis = {u^, . . . , u^ fc }. Consider now two distinct eigenvectors u^] <g> v fc and 
u v s ' ® v ' °^ B. Their dot product is 

<u£ ® v fc , u®, ® v,) = (ug, u^,) <v fe , v z >. 

If A = A', then either k 7^ / or else s 7^ s'; hence this dot product is . Thus, 
{u <S> Vfc I k G Kb,\i u G is an orthogonal, and hence linearly independent, 

subset in the A-eigenspace of the matrix B. As there are exactly £ fcgftrs A ^im ^ x < k 
elements in this subset, it is actually a basis, and (ii) follows. ■ 

3.2 Symbols of G-invariant digraphs 

We start by introducing some notation. Let Z be a nonempty finite set with 
a fixed linear ordering of its elements. By V z and Mat^ we denote, respectively, 
the I Z I -dimensional C- vector space of column vectors over C, and the corresponding 
algebra of \Z\ x \Z\ matrices, both with rows (and columns) indexed by the chosen 
ordering of Z. (Similarly, by Mat^(^) we denote the set of \Z\ x \Z\ 'matrices' with 
entries in a set Sj.) It will be to our advantage to occasionally consider a complex 
valued function /: Z — > C as a vector V/ G Vz, whose 2-th component, z G Z, is 
equal to f(z). 

Recall that for a subset S of a group H, the Cayley digraph Cay(if, S) is the 
digraph with vertex set H, where there is an arc pointing from x G H to y G H 
whenever yx^ 1 G S. (Note that this definition is more general than the usually 
accepted one; in particular, we allow S to contain the trivial element.) Now choose 
a linear ordering hi, Y12, ■ ■ ■ , h n of elements of H. By A(Caj(H, S)) G Mat// we 
denote the adjacency matrix of Cay(if, S) whose (hi, hj)-th entry is 1 if hjh~ x G S, 
and is otherwise. 

Let G be a transitive permutation group on a finite set X and let H < G be a 
semiregular subgroup. Choose a fixed linear ordering h±, h 2 , ■ ■ ■ , h n of elements of H 
and a linear ordering X±, . . . , X m of the set X of if-orbits, along with a chosen base 
vector ), where 2^ G Xj for each i. This naturally induces a linear 

ordering of X, namely 

rJn rfhn „h\ h n hi h n 

x l j • • • 5 x l ) J '2 5 • • • 5 x 2 5 • • • 5 "^m ' ' • ' ' A ra • 

Observe that the above is nothing else but the usual lexicographic ordering. In 
particular, relative to the above orderings of X, H, and X, we have 

V X ®V H = V x . (2) 
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With assumptions and notation above, let T be a G-invariant digraph on X. For 
x, y G X, we shall write x — >r V if there is an arc pointing from x to y. The m x m 
'matrix' S G Mat x (2 H ), whose (X iy Xj)-th entry is the subset 

Sij = {h G H | Xi ^ r a:?}, 



is called the symbol ofT relative to H, the ordering of X, and the base vector x. We 
use S to construct an adjacency matrix of T. 

Lemma 3.2 Let T be a G-invariant digraph on a finite set X , and let H < G be a 
semiregular subgroup. With respect to the linear ordering of X induced by those of 
H and X as above, the matrix As G Matx defined by 



/A(Cay(#, Sn)) 



As 



\A(G&y(H,S ml )) 
is an adjacency matrix of T . 



A(Cay(F, S lm ))\ 
A(Cay(F,5 mm )) y 



Proof. Pick integers i,j G {1, . . . , m} and k,l G {1, . . . , n}. To prove that As is 
indeed the adjacency matrix of T we need to show that x\ k — >r rf 1 if and only if 
there is an arc from hk to hi in Cay (if, Sij). Since T is G-invariant, we have that 



x A, 



>r x, 1 if and only if X{ 



The result follows. 



(xf)h 1 



hih 



X 3 



which is equivalent to h\h k G S^. 



3.3 Eigenspaces of G-invariant digraphs 

Let us first recall some well-known facts about eigenvalues and eigenvectors of 
abelian Cayley digraphs. For a finite abelian group H, let H* = {x \ X : H — > C*} 
denote its dual group consisting of all irreducible complex characters (with pointwise 
multiplication as the group operation). For a subset S C H and a character x G 
we set 

5 = 0. 



x(5) 



Fix a linear ordering of H. It is well-known (see for example [TT1 Lemma 9.2]) that 
the spectrum of the adjacency matrix A(Cay(H, S)) G Ma.t H of the Cayley digraph 
Cay(if, S) is the set {x(S) \ x ^ -H"*}. The eigenvalue x(S) corresponds to the 
eigenvector v x , and moreover, all eigenvectors v x , % G H*, form an orthogonal basis 
of Vh- Note that this basis does not depend on S. 

The above results can be stated in a more general setting. Let G be a transitive 
permutation group on a finite set X having a semiregular abelian subgroup H < G 
with m orbits. Fix a linear ordering of H, X, and X as in the previous subsection. 
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Further, let T be a G-invariant digraph and let S be the symbol of T. For a character 
X G H* we define the m x m matrix x(S) G Mat x over C as follows 



fx(Sn) 




X(S) 



Corollary 3.3 Lei G be a transitive permutation group on a finite set X and let H 
be a semiregular abelian subgroup of G. Then the spectrum of a G-invariant digraph 
r on X is equal to the union of spectra of all X G H* , where S is a symbol of 

T relative to H . 

Proof. By Lemma [3.21 the spectrum of V is equal to the spectrum of As- Now all 
of its blocks A(Cay(H, Sij)) have a common orthogonal eigenvector basis formed 
by vectors v x , where x G H* , and the corresponding eigenvalue of the block 
A(C&y(H, Sij)) is equal to xi^ij)- Thus, the matrix associated with x is = 
x(S). The result then follows by applying Lemma [37TT i) to the matrix As- I 

Let val(r) denote the valency, that is, the number of out-neigbours (or in- 
neighbour s\ of a G-invariant digraph T with symbol S relative to a semiregular 
abelian subgroup H < G. Then val(r) is an eigenvalue of Xo(S) (and therefore of 
T), where xo G H* is the principal character of H . 

As for the eigenvectors of As, let A be an eigenvalue and let W\ < Vx denote 
the respective eigenspace. First, define the set 



of all characters x G H* for which A is an eigenvalue of = x(S). For x G K$ \, 
let V\ jX be the A-eigenspace of the matrix x(S). In view of Corollary I3.3[ as a direct 
consequence of Lemma I3.1( ii) we obtain that W\ admits the following description. 

Corollary 3.4 Let G be a transitive permutation group on a finite set X and let 
H be a semiregular abelian subgroup of G. Further, let V be a G-invariant digraph, 
and let S and A s be its symbol and the adjacency matrix relative to H , respectively. 
Then with notation and assumptions above, if X is an eigenvalue ofT, the respective 
\-eigenspace W\ of As can be described as 



K s ,x 



{ X GiT:det( X (S)-A/ m ) = 0} 



(3) 
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4 G-invariant partitions induced by linear actions 



Throughout this section, let G be a transitive permutation group a finite set X, 
with H < G an abelian semiregular subgroup having m orbits X = {Xi, . . . , X m }, 
and let T be a G-invariant digraph on X. For fixed orderings of H, X, and the 
induced lexicographic ordering of X, let S be the symbol of F relative to H and a 
fixed base vector x — (x\, . . . , x m ) G X\ x • • • x X m , and let be the corresponding 
adjacency matrix of T. For an eigenvalue A of T and x £ ^s,a> we let ^a,x an d Wa 
be the associated eigenspaces, as defined in the previous section. 

It is well-known that the action of G on X has a linear extension to Vx- for an 
arbitrary vector v = (v x ), the x-th component of v 9 is the x 9 -th component of 
v, that is, G acts by the rule iy x ) 9 = (v x g). The restriction of this action to H is 
described in the next lemma. 

Lemma 4.1 With notation and assumptions above, let u G V x and let f: H — > C 
6e an arbitrary function. Then for h G H we have 

(u®v f ) h = u®v fh , (4) 

where fh' H — > C is defined by the rule fh{a) = f{ah). 

Proof. Write u ® = (u x ), iGl. In view of ([2]) we have f x = Uif(a) whenever 
x = x\. Similarly, letting u(g> v/ h = (w^) we have = Uifh{a) = Uif(ah) whenever 
x = x\. Note that if x = x%, then x h = x® h , implying v x h = Uif(ah) = w x . Hence 
(u ® \r f ) h = (v x ) h = (v x h) = (w x ) = u ® v /h . ■ 

For g £ G, let P g G Matx denote the permutation matrix representing the action 
of g on X. Since T is G- invariant, P 5 commutes with As- Hence if A is an eigenvalue 
of As, then the corresponding eigenspace W\ is an invariant subspace for the linear 
action of G on Vx- Let be the kernel of this action of G on W\, and let Bs.\ 
denote the partition of X consisting of the orbits of K^. Note that for each w G W\ 
the coordinates of w, indexed by the elements in the same orbit of K^, are the same. 
Clearly, £>s,a is a G- invariant partition, and so by Lemma 12.31 we have that 

£ s , A = n(y,A A ,/c A nP0, (5) 

for a suitable base vector y = (yi) G X\ x ■ • • x X m and a uniform partition A A 
of {1, . . . , m}, with /C A denoting the kernel of the action of G on Bs,x- Obviously, 
K A < /C A . In fact, /C A = K A . To show this, let w = (w x ) G W\ and g G /C A . Since 
w 9 = (w x g), it suffices to see that w x = w x3 for x G X. But this is obvious because 
if x,y G X are in the same orbit of K A , then w x = w y (by definition of K A ). Our 
goal in this section is to examine the G-triple given in (jSJ). 
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First we consider the group K,\C\H as in (j5J). To this end, the following correspon- 
dence _L (also known as the Dirichlet correspondence) between the set of subgroups 
of H and the set of subgroups of H* will play an essential role. For L < H and 
L* <H\ we let 

L x = { X eH*: L<Ker X } 

L* L = {h G H : x (h) = 1 for all X G L* } = n x6L *Kerx- 

Lemma 4.2 With assumptions and notation above we have JC\ H H = (Ks 1 \) ± - 

Proof. Recall that JC\ = K\ is the kernel of the linear action of G on the eigenspace 
W\. By Corollary 13.41 it follows that g G )C\ if and only if 

(u <g> \ x y = u (g> v x 

for each x 6 _K"s,a and for each u G Va iX . Applying Lemma I4~T1 for u G V^, h G 
and x £ we obtain 

(u ® v x ) /l = u (2) v x ) = x(/i)(u ® v x ). 

Now let h E JCxO H. Then, combining the above two facts together we get that 
x{h) = 1 for all \ ^s,A- Hence K\ fl H < (Ks,\)' L - Conversely, take h G 
(Ks,\) ± < -H". Then, by definition of (-Ks^)^ we have x(h) = 1 for all x ^ ^s,a- 
Again, combining the above facts it follows that w h = w for each w G W\, and hence 
h G /Ca- This completes the proof of Lemma [4.21 ■ 

We now examine the partition of (jSJ). Since is not readily at hand, we 
introduce certain auxiliary partitions of {l,...,m} which are easier to compute, 
and, as it will become clear shortly, they all have A^ as a refinement. Hence their 
intersection gives at least some information about A^, the more so when the former 
is close to the identity partition. 

Let A be an eigenvalue of T and let X G K s ,\. Choose a basis il of V\ jX . For 
k G {1, . . . , to} we let il^ denote the vector formed by the k-th components of all 
vectors in il . The auxiliary partition A^ iX is now defined in terms of the following 
equivalence relation ~a iX on {1, . . . , to}: 

i ~A, X 3 ^ = x{h)i^ j) for some h G H. 

Note that, given A and Xi the partition Aa iX does not depend on the chosen basis 
it. Given two arbitrary partitions Hi and n 2 of {1, . . . , to} we write Hi C n 2 to 
indicate that Hi is a refinement of n 2 . 
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Lemma 4.3 With assumptions and notation above, for all X and x G -Ks,a we have 
that A x C A A>X . 

Proof. Fix a character \ £ Ks,\ and a basis it of Va iX . Let i and j be in the 
same partition class of A\. We are going to show that i ~a, x 3- Recalling that 
(xi, . . . ,x m ) is the base vector of the symbol S, consider Xi G Xj and Xj G Xj. By 
Lemma 12. 3|. the orbit of K\ containing Xi intersects also Xj. Hence there exists 
h G H such that Xi and Xj are in the same /C^-orbit. Consider now a base vector 
u = (ui, U2, ■ ■ ■ , u m ) T G it. By Corollary 13.41 u <8> v x G Wa- Since Xi and are in 
the same /C^-orbit, the Xj-th and x^-th coordinate of u <g> v x are the same. Thus, in 
view of we have Mj = x{h)uj, and since u G it was arbitrary, it^ = x(h)H^. In 
other words, % ~a, x j. I 



As an illustration of the above tools we analyse the cube Q% with G < Aut(Qs) 
an arbitrary vertex-transitive subgroup. Note that there are total of 8 possible 
choices (conjugate classes) for G: Aut(Q 3 ) = 5 4 x Z 2 acting 2-arc-transitively on 
Qs, two conjugate classes of groups of order 24 acting 1-arc-transitively on Q 3 , one 
group of order 16 and four groups of order 8 (acting regularly on Q 3 ), two of which 
are isomorphic to dihedral group of order 8, and the other two isomorphic to Z4 x Z2 
and Z|, respectively. 

Note that the cube has two essentially different representations as a bicirculant: 
[S11, S 22 , S 12 ] = [{1, 3}, {1, 3}, {0}] and [S n , S 22 , S 12 ] = [0, 0, {1, 2, 3}]. In both cases 
H is isomorphic to Z 4 . The orbits are denoted by X\ and X 2 , and (x\, x 2 ) is the base 
vector. To simplify the notation we identify H with Z 4 . In particular, we may write 
X\ = {xi, x\, x\, x\ } and X 2 = {x®, x\, x\, x^}. The first example gives a thorough 
analysis for the case [Su, S 22 , Si 2 ] = [{1, 3}, {1, 3}, {0}], while in the second case 
[S11, 5*22, 5*12] = [0, 0, {1, 2, 3}] some of the technical details are omitted. 

Example 4.4 Let [S n ,S 22 ,S 12 ] = [{1, 3}, {1, 3}, {0}]. Then 

s _f{M} {on 

Therefore, the neighbors of x{ are x^ 1 and x{ +1 , where i G Z2 and j G Z4. We first 
compute the eigenvalues of Q 3 via the matrices x(S), X H* = {xo, Xi, X2, X3}, 
where Xj{h) = V h for j G {0,1,2,3} and h G Z4, with i denoting the imaginary 
unit. It transpires that the eigenvalues of Xo(S) are 1 and 3, the eigenvalues of 
Xi(S) and %3(S) are 1 and —1, and that the eigenvalues of ^2(8) are —1 and —3. 
Therefore, 

^s,3 = {Xo}, K s ,i = {xo, Xi, X3}, Ks-i = {Xi, X2, X3}, K S -3 = {x2}- 
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Using Lemma [4.21 we find that 



/c 3 n h = h, K- 3 nH = {o,2}, Ki n # = /c_i n H = {o}. 



Furthermore, the subspaces V\, x , A G {3, 1, —1, —3}, x £ ^s,A> are the following 
ones: 



Therefore, by the definition of the partition A X)X , A G {3, 1, —1, —3}, x £ -^s,a, we 
have that Ai jXo is the trivial partition {{1}, {2}}, and that Aa, x is the universal 
partition {{1,2}} in all other cases. By Lemma T4. 31 we obtain that Ai is the trivial 
partition, while in all other cases A x is either the trivial or the universal partition. 
Since K\ D H — {0} and Ai is the trivial partition, the corresponding block system 
£>s,i given in (jSJ) is the trivial block system consisting of singletons. In all other 
cases, direct analysis of the action of the group G on the corresponding eigenspace 
W\ is needed to compute A\, and consequently, the block system £>s,a- 

Consider first the case A = 3. Since W3 = ((1, 1, 1, 1, 1, 1, 1, 1) T ), we obtain 
that /C 3 = G, and so A3 is universal since G is vertex-transitive. Therefore, the 
corresponding block system Bs,3 is trivial with the whole set of vertices as the only 
block. 

Next, consider the case A = — 3 and observe W-3 = ((1, —1, 1, —1, —1, 1, —1, 1) T ). 
Clearly, /C_ 3 is the largest subgroup in G which fixes the bipartition {{x®, x\, x\, x%}, 
{x\, x\ , x®, x^}}. Note that irrespective what a group G is, the group /C_ 3 has to be 
of index 2 in G, and therefore acts transitively on each of the two sets of bipartition. 
Hence, A_ 3 is the universal partition, and consequently the corresponding block 
system £>s,- 3 coincides with the bipartition of Q3. 

Finally, consider the case A = — 1 and observe that 



W-! = ((1,-1, 1,-1, l,-l,l,-l) T ,(l,i,-l,-i,-l,-i,l,i) T ,(l,-i,-l,i,-l,i,l,-i) T ). 



In this case /C_i is the largest subgroup in G fixing the antipodal partition {{x®, x%}, 
{x\,xl}, {xfjX®}, {^1,^2}}- ^ viewing Q 3 as the canonical double cover of the 
complete graph K4 with the fibres corresponding to the pairs of antipodal vertices, 
it may be seen that K-\ is transitive on the pairs of antipodal vertices precisely when 
G is a lift of a transitive subgroup of Aut(^) = 5*4, that is when G is isomorphic 
to one of the following groups: ^4 x Z2, A4 x Z2, 1*8 x Z2, Z4 x Z2 or Z|. In these 
five cases the partition A_i is the universal partition, and the corresponding block 
system £>s,-i coincides with the antipodal partition of Q 3 . The remaining three 
possibilities for the group G give rise to trivial partition A_ 1; and therefore to the 
trivial block system £>s,-i consisting of singletons. 




((1, 1) T ) (A, x ) e {(3, xo), (1, Xi), (i, Xs), (-1, X2)} 
((1, -1) T ) (A, x) e {(1, xo), (-1, xO, (-1, Xs), (-3, X2)}. 
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Example 4.5 Let [S u , S 22 , S 12 ) = [0, 0, {1, 2, 3}]. Then 

^S,3 = -3 = {xo}, ^s,i = K S -i = {xi, X2, X3>- 
Using Lemma [4.21 we find that 

K 3 n h = /c_ 3 n h = h, Ki n H = /c_i n H = {o}. 

Similarly as in the previous example we find that A_3 iXo is the trivial partition, 
while Aa, x is the universal partition in all other cases. Therefore, A_3 is the trivial 
partition, and the corresponding block system £>s,-3 coincides with the bipartition 
of Q 3 . In all other direct analysis of the action of the group G on the 

corresponding eigenspace W\ is needed to compute A A , and consequently, the block 
system B^,x- Below are the conclusions. 

If A = 3 then the corresponding block system £>s,3 is trivial with the whole set 
of vertices as the only block. 

If A = 1 then (by considering an arbitrary basis for W\) it is easy to see that 
/Ci is trivial. Therefore Ai is the trivial partition and gives rise to the trivial block 
system Bs^ consisting of singletons. 

Finally, consider the case A = — 1. By considering an arbitrary basis for W-i we 
find that /C_i is the largest subgroup in G fixing the antipodal partition 

{{^l) 3 ^}? {-^i? 3 ^}' {-^l) -£2} 5 {•£].> •^2}}- 

Hence, as in the previous case, A_i is the universal partition (and the corresponding 
block system £>s,-i coincides with the antipodal partition of Q3) if G is isomorphic 
to /S4 x Z2, 7I4 x Z2, I>8 x Z2, Z4 x Z2, and Z|. In the remaining three possibilities 
for the group G, £>s,-i is the trivial block system consisting of singletons. 

In each of these two examples a complete list of block systems for the full au- 
tomorphism group (but also of some transitive subgroups) is obtained. However, 
there are additional block systems in Q3 arising from some vertex-transitive but not 
arc-transitive subgroups of AutQ3- To obtain these block systems, a modification of 
the above approach is needed. For example, by letting the group G in Example 14.41 
be the regular group isomorphic to Z 4 x Z 2 (or the appropriate regular dihedral 
group D 8 ), and by replacing the whole eigenspace W\ with the subspace generated 
by the vector (1,1,1, 1,-1,— 1,-1,— 1) T , we obtain the block system consisting of 
the orbits of the subgroup H (isomorphic to Z 4 ). 
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5 Analyzing (im)primitivity block systems 



5.1 Existence of (im)primitivity block systems 

With the results of Section 0] we are now ready to address the main topic of 
this paper regarding imprimitivity block systems of transitive permutation groups 
containing abelian semiregular subgroups. Following discussion in Examples 14.41 
and 14.51 two types of block systems seem to stand out. First, when KL\C\H = 1 
with A\ nontrivial, and second, when K,\C\ H = H with Aa not universal. 

The antipodal block systems in Examples 14.41 and 14.51 fall within a framework 
of a general situation when K\ R H — 1 with Aa nontrivial, implying that Bs.\ 
is an imprimitivity block system consisting of blocks which intersect each orbit of 
H in at most one element. This is considered in Theorem 11.3( 1). The bipartition 
block system in Example 14.51 falls within a framework of a general situation when 
K,\ fl H = H with A\ not universal, implying that £>s,a is an imprimitivity block 
system consisting of unions of orbits of H; see Theorem 11.3( h). We are now ready 
to prove Theorem 11.31 

Proof of Theorem 11.31 First, observe that in view of the fact that K$,\ generates 
H*, we have fC\f\H = 1 by Lemma 14.21 Consequently, each block of Bs,\ intersects 
each orbit of H in at most one element. Second, since JC\ is not trivial, the partition 
Aa is nontrivial, implying that £>s,a is an imprimitivity block system. 

The special case when Aa is universal is now obvious. In particular, since the 
partition is uniform and not trivial, Aa must indeed be universal whenever H has 
prime number of orbits. This proves (i). 

In order to prove (ii), observe that in view of the fact that K s x = {Xo} ; we have 
JC\ H H = H by Lemma 14.21 Second, since A ^ val(r) we have that (1, 1, ... , 1) T ^ 
Va iX0 . Therefore, Aa )X0 is not universal by the definition of the relation ~a,xo- By 
Lemma 14.31 also the partition Aa is not universal. The desired intransitive normal 
subgroup of G is /Ca- 

The special case when Aa is trivial is now obvious. In particular, since Aa is 
uniform and not universal, the partition must indeed be trivial whenever H has 
prime number of orbits. I 

Besides these two extreme situations there are other interesting block systems 
whose structure can be easily described. For example, if the number of if-orbits 
is prime and A 7^ val(r), then the orbits of (Ks^x) obviously form a G-invariant 
partition of X. Furthermore, using Theorem 11.3( h). the group (-Ks,a) can be fully 
described in the special case when G is a primitive group. 
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Theorem 5.1 Let G be a primitive permutation group containing an abelian semireg- 
ular subgroup H and let Y be a G-invariant digraph with symbol S. If A ^ val(r) is 
an eigenvalue ofT, then (As 5 a) = H*. 

Proof. As G is primitive, £>s,a consists either of singletons, or else comprises the 
whole set X. In the first case we have K,\ fl H — 1 (with A a trivial), implying 
(Ks,x)' L = 1, that is, (Ks,\) = H* ■ in the second case we have K\ fl H = H (with 
Aa universal), implying (Ks,\) ± = H, that is, As, a = {xo}- Since A ^ val(r), 
Theorem II .3( ii) implies that G is imprimitive, a contradiction. ■ 

An immediate consequence of Theorem 15.11 is the following result dealing with 
primitive groups containing regular abelian subgroups. Based on this result, a 
method for investigation of B-groups was developed by Burnside j2]. As an ap- 
plication it was proved that cyclic p-groups of composite order are B-groups for any 
prime p, see also [25] . 

Corollary 5.2 Let G be a primitive permutation group containing an abelian regular 
subgroup H , and let T = Cay(if , S) be a G-invariant Cayley digraph with symbol 
S = [S]. If X 7^ val(r) is an eigenvalue of Y , then (Ks t \) = ({x £ H* I x(S) = 
\})=H*. 

5.2 Mixers and bi-Cayley graphs 

Let G be a transitive permutation group on a finite set X containing an abelian 
semiregular subgroup H. Generalizing the notion of a mixer of a bicirculant intro- 
duced in Section [fl we say that g G G is a mixer relative to H (in short, a mixer 
when the subgroup H is clear from the context), if the orbits of H are not blocks of 
imprimitivity for (g). The following corollary is just a rephrasing of a special case 
of Theorem 11.3( h) into the mixers language. 

Corollary 5.3 Let G be a transitive permutation group on a finite set X containing 
an abelian semiregular subgroup H with a prime number of orbits, and let T be a 
G-invariant digraph with symbol S. If G has a mixer relative to H, then for any 
eigenvalue X ^ val(r) such that xo £ Ks,\ we have Ks,\ ^ {xo}- 

When the number of orbits of H is relatively small, some additional information 
about mixers can be obtained using a more direct combinatorial approach which 
takes into account the intersections of orbits of H with their images under a mixer. 
We here consider the case of two orbits. 

Let G be a transitive permutation group on X and H a semiregular abelian 
subgroup having two orbits X\ and X 2 . Fix a base vector (£1,22) G Ai x A 2 , and 
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let T be a G- invariant digraph (in this context also known as the bi-Cayley digraph) 
with symbol S relative to the chosen base vector. Note that 

s= (g r)> 

with \S\ = \R\ and |T| = \Q\. Therefore, the eigenvalues of Xo(S) are val(r) = 
\S\ + \T\ and d(T) = \S\ - \T\. 

For g G G we define the subsets M g and N g of H by 

M g = {heH\ {x^) 9 e X x }, 
N g = {heH\ (x h 2 ) 9 g Xi}. 

Since (7 is an automorphism we have \M g \ + \N g \ = \H\. Observe that g is a swap if 
and only if M g = and N g = H, and that g is a mixer if and only if M g ^ and 

■U, / //. 

In what follows it will be convenient to view subsets of H as elements of the group 
algebra QH. Following [19], a subset A of H is considered as A = YlheA ^ e ^2-^- 
Characters of H are naturally extended to an algebra-homomorphism QH — > C by 
letting x(a) = Y.heH a hX(h) for a = Y.heH a h h - 

Theorem 5.4 Let G be a transitive permutation group containing an abelian semireg- 
ular subgroup H having two orbits, and let T be a G-invariant digraph. Then with 
notation and assumptions above, for all g e G and for all characters x £ H*\Ksmv) 
we have 

x{M g ) = X (N g ) = 0. 

Proof. Let g e G. For convenience we use a shorthand notation M = M g and 
N = N g . Choose h <E H. The number of out-neighbours of x x that are contained in 
MUN is equal to \hS D M| + |/tT fl AT|. This number is equal to the coefficient of h 
in S 1-1 M + r -1 iV G Q-H". Moreover, observe that it is also equal to the number of 
out-neighbours of x^ 9 that are contained in Xi, which is either \S\ or \Q\ (= |T|), 
depending on whether h E M or h E H \ M. Consequently, 

£T± M + TliiV = \S\ M+ \T\ H\M = d(T)M+\T\ H. 

Similarly, by counting the number of out-neighbours of x\ that are contained in 
MUN (which equals the number of out-neighbours of x 1 ^ 9 that are contained in X\) 
we obtain the equation 

Q- 1 M + RT^ N=\S\N+\T\H\N = d(T) N + |T| H. 
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Applying a nonprincipal character x £ H* to both of the above equalities we find 
that x(M) and x{N) are solutions of the following system of linear equations 

(xiS- 1 ) - d(T)) x+ X {T- 1 ) y = 

xiQ- 1 ) x+ (xiR- 1 ) - d(T)) y = 0. 

If* <£K s>d{T) wehavedet( X (S)-rf(r)J) = ( X (S)-d{r))( X (R)-d(r))- X (T) X (Q) ± 
0. As the determinant of the above system of linear equations is the conjugate of 
det(x(S) — d(r)J), the system has only trivial solution. Thus, x(M) = x(N) = 0. 



We remark that in the particular case when H has two orbits, Corollary 15.31 
follows directly from Theorem 15.41 Namely, let g G G be a mixer relative to H. 
Then M g and N g are nonempty proper subsets of H. It is well known that if all 
non-principal characters vanish on a subset A C H, then either A = or A = H; see 
for instance [4~8| Corollary 1.3.5]. Therefore, there exists a non-principal character 
X £ H* such that either X (M g ) ^ or x{N g ) ^ 0. By Theorem 15. 4} we have 
X e ^s,d(r)- 



6 An application: generalized Petersen graphs 

To further illustrate the possible use of techniques developed here we give an alter- 
native short proof of a well know classical result about edge-transitivity (and thus 
arc-transitivity) of generalized Petersen graphs due to Frucht, Graver and Watkins 
[TBI Theorem 2]. Other applications will appear elsewhere. 

Theorem 6.1 A generalized Petersen graph T = GP(n, s) is edge-transitive (and 
thus arc-transitive) if and only if(n,s) is one of the following pairs: (4,1), (5,2), 
(8,3), (10,2), (10,3), (12,5), or (24,5). 

Recall that the generalized Petersen graph GP(n, s) is the bicirculant relative to the 
cyclic group H = Z n and symbol 

{1,-1} W 
{0} { Sl -s} 

where s G Z n \ {0}. 

As remarked in Section [TJ theorems of this nature are usually proved either by 
an elementary, although technically rather involved, combinatorial approach (as, for 
instance, counting the number of 8-cycles in the original proof of the above theorem), 
or else by using a two-step (normal subgroup) reduction approach, where the first 
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step identifies a small restricted family from which all other graphs in the class can 
be reconstructed, and the second step consists in the actual construction of these 
graphs. Our proof of Theorem 16.11 uses the above two steps approach. The first 
step is based on the techniques of this paper, more precisely, on Corollary 15.31 and 
Lemma 14.21 The second step uses two simple observations about covers of the cube 
and of the Petersen graph. 

Proof of Theorem 6.1. We split the proof into two parts. In the first part 
we show that every edge-transitive generalized Petersen graph T is a regular cyclic 
cover either of the cube or of the Petersen graph (such that Aut(r) projects). In 
the second part we determine all such covers. 

1. Part. First note that the eigenvalues of Xo(S) are val(r) = 3 and d(Y) = 1. 
The respective eigenspace Vi iX0 is spanned by (1, — 1) T . By the definition of the 
relation ~i iX0 the partition A ljX0 is trivial, and by Lemma 14.31 the partition A x is 
also trivial. It follows that K,\ < H. Thus, the orbits of L — K\ H H — K\ are 
contained in the orbits of H . Since the L-orbits form an Aut(r)-invariant partition 
of the vertex set of T, the group Aut(r) projects along the cyclic regular covering 
projection r —>■ Y/L. In order to determine L and consequently Y/L, recall that, 
by Lemma [4.21 and by the Dirichlet correspondence, L = (i^s,i) = ^Kerx, where 
X rangers over all characters in Ks,i- Therefore, we first find ifs,i- 

The set Ks,i is determined using the assumption that Y is edge-transitive, and 
hence that it has a mixer relative to H . By Corollary 15.31 the set Ks,i contains a 
non-principal character, say Xi implying that 

( X (l) + - \){ X {s) + x(s) - 1) = I- (6) 

All solutions of give all possible characters in i^s.i- (Observe that x £ Ks,i 
if and only if x 1 £ ^s,i-) F° r a natural number m let £ m = denote the 
'smallest' primitive m-th root of unity. As x(l) = Cn f° r some 3 £ ^n\{0}, equation 
P rewrites as (f£ + - !)(^ s + C js - 1) = 1- B Y setting f = j/gcd{j,n), 
n' — nj gcd(j, n), and s' = smod n', this last equation becomes 

(^ + C/'-i)(^ s ' + C v -i) = i- 

Since f and n' are coprime, and £„/ are both primitive n'-th roots of unity. Hence 
their minimal polynomial is the same, implying that 

(en'+C' 1 -i)(C'+c s '-i) = i- (7) 

If both factors in (^) are positive then n' = 1, forcing j = n. However, this is 
not possible as x is non-principal. Therefore £ n / + ^I", 1 — 1 = 2 cos(2-7r/n') — 1 < 0, 
and so n' < 5. A direct analysis yields that either n' — 4 and s' = ±1, or else 
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n' — 5 and s' = ±2. It follows that f = ±1 in the first case while j' G {±1, ±2} in 
the second case. Hence for some natural number m either n = 4m, j = ±m, and 
s = ±l(mod 4), or else n = 5m, j G {±m, ±2m}, and s = ±2(mod 5). We now 
analyze each of these cases separately. 

Let n = 4m, j = ±m, and s = ±l(mod 4), where m is not divisible by 5. Since 

= H G {-UC 1 } we nave that #s,i = {XcX.X -1 }, and so L = (Ks.i) 1 " is the 
unique index 4 subgroup in Z„. Since s = ±l(mod 4), the graph T/L is the cube. 

Let n = 5m, j G {±m, ±2m}, and s = ±2(mod 5) where m is not divisible by 4. 
Since = Cn G CsT 1 , £f> 6;f 2 } w e have that if s ,i = {Xo, X, X -1 , X 2 , X~ 2 }, and 
so L = (i^s,!)" 1 is the unique index 5 subgroup in Z n . Since s = ±2(mod 5), the 
graph Y/L is the Petersen graph. 

Let n = 20m where s = ±l(mod 4) and s = ±2(mod 5). By the above analysis, 
the group (-Ks.i) = (x>x') where = ^4 and x'(l) = £s- m this case L = 

(Ks,i)' L is the unique index 20 subgroup in Z n . Since s = ±l(mod 4) and s = 
±2 (mod 5) we have, by the Chinese Remainder Theorem, that s = ±3 (mod 20) or 
s = ±7 (mod 20). Hence Y/L is either GP(20,3) or GP(20,7). In particular, Y/L 
and hence also T is a regular cyclic cover of both the cube and the Petersen graph. 
(Actually, as it will become clear in Part 2, this case cannot occur.) 

Note that in all of the above cases L is isomorphic to Z m . 

2. Part. Recall from Part 1 that r —>■ Y/L is a regular cyclic covering projection 
such that Aut(r) projects, and hence some minimal arc transitive subgroup of Y/L 
lifts. We determine all such covers where the base graph is either the cube or the 
Petersen graph. Since GP(20,3) or GP(20,7) are not among them, the case where 
the base graph is one of these two need not be considered. 

As it is well known, see for instance [18], any regular Z m -covering projection Y — > 
Y can be reconstructed by means of voltages C{hj) ^™ assigned to arcs of 
Y, with inverse arcs carrying inverse values; moreover, without loss of generality one 
can assume that the arcs of some arbitrarily chosen spanning tree in Y are assigned 
the trivial voltage 0. In order to determine whether a particular automorphism 
a G Aut(y) lifts along 7->Fwe use the theory developed in [33]. In our case, the 
induced action of a on base homology cycles, must extend to an automorphism of 
Z m . 

Let Y be the cube. Denote its vertices by {0, 1, 2, 3, 4, 5, 6, 7} in such a way that 
01230 and 45674 are the outer and the inner cycles, respectively, and 04, 15, 26 and 
37 are the spokes. Choose a spanning tree consisting of edges 01, 12, 23, 04, 15, 
26, and 37. The base homology cycles are C x = 30123, C 2 = 45104, C 3 = 56215, 
C*4 = 67326, and C5 = 7401237. Voltages on the spanning tree are 0. Without loss of 
generality we can assume that the voltages on the remaining arcs are £(3, 0) = 1, and 
C(4, 5) = C(5, 6) = C(6, 7) = a, and ((7, 4) = a + 1. (This is obtained using the fact 
that the derived covering graph is the generalized Petersen graph.) Consider now 
the automorphism a = (134) (527) which must lift since an edge-transitive group of 
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r projects. Since the induced mapping of voltages of C(Cj) — > C,{Cf) must extend 
to an automorphism x i— > Arc of L, we get the following system of equations in L: 

A = a, Aa — 1, Aa = a, Aa = —4a — 1, A(a + 1) = 2a. 

This gives A = a = 1 and 6 = in L, implying that L is isomorphic to Z 2 , Z3, or 
Z 6 . If L = Z 2 then T = GP(8,5) = GP(8,3). If L = Z 3 then T = GP(12, 5). If 
L = Z 6 then T = GP(24,5). 

Let F be the Petersen graph. Denote its vertices by {0, 1, 2, 3, 4, 5, 6, 7, 8, 9} in 
such a way that 012340 and 567895 are the outer and the inner cycles, respectively, 
and 05, 16, 27, 38, and 49 are the spokes. Choose a spanning tree consisting of edges 
01, 12, 23, 34, 05, 16, 27, 38, and 49. The base homology cycles are C x = 401234, 
C 2 = 572105, C 3 = 683216, C 4 = 794327, C 5 = 8501238, and C 6 = 9612349. 
Voltages on the spanning tree are 0. Without loss of generality we can assume 
that the voltages on the remaining arcs are £(4, 0) = 1, and £(5, 7) = £(6, 8) = 
C(7, 9) = a, and £(8, 5) = £(9, 6) = a + 1. (This is obtained using the fact that 
the derived covering graph is the generalized Petersen graph.) Consider now the 
automorphism a = (154) (289) (367) which must lift since an edge-transitive group 
of T projects. Since the induced mapping of voltages of C(Cj) — > C(CjO must extend 
to an automorphism x 1— > Arc of L, we get the following system of equations in L: 

A = —2a — 1, Aa = a, Aa = 5a + 2, Aa = a, A(a + 1) = —3a — 1, A(a + 1) = —3a — 1. 

This gives 2 = 0, A = — 1 and either a = or a = 1 in L, implying that L is 
isomorphic to Z 2 . If a = then T = GP(10,2). If a = 1 then T = GP(10,7) ^ 
GP(10, 3), completing the proof of Theorem 6.1. I 
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